We reduce the classification of all supersymmetric backgrounds in eleven dimensions to the evaluation of the supercovariant derivative and of an integrability condition, which contains the field equations, on six types of spinors. We determine the expression of the supercovariant derivative on all six types of spinors and give in each case the field equations that do not arise as the integrability conditions of Killing spinor equations. The Killing spinor equations of a background become a linear system for the fluxes, geometry and spacetime derivatives of the functions that determine the spinors. The solution of the linear system expresses the fluxes in terms of the geometry and specifies the restrictions on the geometry of spacetime for all supersymmetric backgrounds. We also show that the minimum number of field equations that is needed for a supersymmetric configuration to be a solution of eleven-dimensional supergravity can be found by solving a linear system. The linear systems of the Killing spinor equations and their integrability conditions are given in both a timelike and a null spinor basis. We illustrate the construction with examples.
Introduction
The last ten years, the supersymmetric solutions of ten-and eleven-dimensional supergravities have given new insights into understanding of string theory and M-theory, see e.g. [1, 2] . Most of the solutions have been found using ansätze adapted to the requirements of physical problems. Recently, the realization that there are new maximally supersymmetric solutions [3] and the rediscovery of some old ones [4, 5] has led to a more systematic exploration of supersymmetric solutions in supergravity theories. The maximally supersymmetric solutions of ten and eleven dimensional supergravities have been classified in [6] using the integrability conditions of the Killing spinor equations which leads to the vanishing of the supercovariant curvature. A method 1 based on the Killing spinor bi-linear forms has also been used to solve the Killing spinor equations of eleven-dimensional supergravity for backgrounds with one Killing spinor [8, 9] . However this method has not been applied to eleven-dimensional backgrounds with more than one supersymmetry.
In [10] , a new method to investigate the Killing spinor equations of supergravities has been proposed. It is based on a description of spinors in terms of forms, the gauge symmetry of Killing spinor equations and an oscillator basis in the space of spinors [10] . This has been applied to systematically explore the supersymmetric solutions of elevendimensional supergravity with one, two, three and four supersymmetries and to solve the Killing spinor equations of IIB supergravity for one Killing spinor [11] .
In this paper, we shall show that the method of [10] can be extended further to investigate all supersymmetric eleven-dimensional backgrounds 2 . For this, we use the linearity of the Killing spinor equations to show that the supercovariant derivative D of eleven-dimensional supergravity acting on any spinor ǫ can be decomposed into a linear combination of six "irreducible" components. These six irreducible components are given by the action of the supercovariant derivative, Dσ I , on six types of spinors 1 , e i , e ij , e ijk , e ijkl , e 12345 , (1.1) which are collectively denoted by σ I = e i 1 ···i I with I = 0, . . . 5. These spinors can also be labeled by the irreducible representations of U(5) on the space Λ * (C 5 ) of forms. We compute Dσ I . As a result, one can compute Dǫ for any number of spinors ǫ and then use the basis in the space of spinors [10] , see also appendix A, to express the Killing spinor equations as a linear system for the geometry, fluxes and spacetime derivatives of the functions that determine the Killing spinors ǫ. Therefore, we show that the Killing spinor equations for any number of Killing spinors reduce to a linear system and we give all the coefficients and all the unknowns of the system. The solution of this system expresses the fluxes in terms of the geometry and gives the restrictions of the geometry required by supersymmetry.
It has been known for some time that the integrability conditions of the Killing spinor equations imply some of the field equations of supergravity theories, e.g. in maximal supersymmetric backgrounds the integrability conditions of Killing spinor equations imply
1 For a refinement see [7] . 2 This includes backgrounds with both SU (5) and (Spin(7) ⋉ R 8 ) × R invariant spinors.
all the field equations [6] . The first integrability condition of the Killing spinor equations is R AB ǫ = [D A , D B ]ǫ = 0, where R is the curvature of the supercovariant connection. This integrability condition has various components one of which, I A ǫ = Γ B R AB ǫ = 0, contains the field equations of eleven-dimensional supergravity [8] . Since the integrability conditions Rǫ = 0 and Iǫ = 0 of the Killing spinor equations are linear algebraic equations for the Killing spinor ǫ, they again can be decomposed in terms of the Rσ I and Iσ I . We give all the expressions for Iσ I . Since the integrability conditions of any number of Killing spinors can be written in terms of Iσ I , one can use the basis of [10] to find which components of the field equations are implied as integrability conditions of the Killing spinor equations. In particular, one finds a linear system with the components of the field equations as unknowns and the functions that determine the Killing spinors as coefficients. The components of the field equations that are not determined as solutions of this linear system are those that have to be imposed as additional conditions to the Killing spinor equations for a configuration with any number of supersymmetries to be a solution of the theory. We remark that such an analysis can be done for Rǫ = 0. This would be an extension of the method used in [6] to solve the Killing spinor equations for maximally supersymmetric spacetimes 3 . The main aim of this paper is to be used as a manual for systematically constructing all supersymmetric solutions of eleven-dimensional supergravity. Because of this, we first present the general formulae for Dσ I and Iσ I . However, these are rather involved when expressed in terms of the oscillator basis in the space of spinors, see [10] and appendix A. Because of this, we state the results in tables which have been put in appendices. The construction of the linear systems associated with D A ǫ h = 0 and Iǫ h = 0 for any number of Killing spinors h = 1, . . . , N can be read off from these tables.
As we have explained, the construction of the linear systems associated with the Killing spinor equations and with the integrability conditions can be done in the the basis of [10] for any number of Killing spinors. However, if one or more Killing spinors are null, i.e. they are representatives of the orbit of Spin(10, 1) with stability subgroup (Spin(7) ⋉ R 8 ) × R, it may be convenient to use another basis in the space of spinors. Such a basis adapted to null spinors has been constructed in [11] in the context of IIB supergravity and it is extended to eleven dimensions in appendix A. We shall refer to the spinor basis presented in [10] as "timelike" and that constructed from IIB supergravity as "null" basis. In the null basis, one can find simple expressions for the representatives of the (Spin(7) ⋉ R 8 ) × R orbit. So one expects that the linear systems associated with null Killing spinors will be easier to solve in the null basis than the analogous linear systems derived in the timelike basis. We show that the linear systems associated with the Killing spinor equations and of the integrability conditions in the null basis can be derived from those we have constructed in the timelike basis after a suitable replacement the time direction with the tenth spatial direction and taking into account the way that Γ 0 and Γ ♮ act 4 on the spinor basis. The rules of relating the linear systems in the null basis and in timelike basis are given in detail in section five. It turns out that these rules are very simple. Because of this we shall focus on the timelike case and will only discuss the null case in section five. Some partial results on the construction of the linear system for the Killing spinor equations in another null basis have been obtained in [13] .
To illustrate our construction we solve the Killing spinor equations for backgrounds with two supersymmetries and the most general SU(4) invariant Killing spinors. Special cases have already been investigated in [10] . Then we find for several configurations with one, two, three and four supersymmetries the minimal set of field equations that in addition should be imposed in order to be solutions of eleven-dimensional supergravity. In the process, we explain how the tables in the appendices can be used.
Our analysis is in the context of eleven-dimensional supergravity. But it can be extended to the effective theory of M-theory which includes higher order corrections, e.g. see [14] . For example, our conclusion about the six types of spinors is not altered by the inclusion of higher order corrections. This paper is organized as follows: In section two, we summarize the Killing spinor equations Dǫ = 0 and give the integrability conditions Iǫ = 0 of eleven-dimensional supergravity. In section three, we show how a general spinor is related to the six types of spinors σ I , and express the Killing spinor equations Dǫ = 0 and associated integrability conditions Iǫ = 0 in terms of Dσ I and Iσ I , respectively. In section four, we derive some general formulae that give Dσ I and Iσ I in terms of the timelike canonical basis (A.8). In section five, we give Dσ I and Iσ I in terms of the null canonical basis. In section six, we summarize the conditions on the geometry and fluxes for the most general background with two supersymmetries and SU (4) invariant spinors and analyze the geometry of spacetime.
In section seven, we analyze the field equations of some backgrounds with one, two and four supersymmetries. In section eight, we solve both the Killing spinor and field equations of a background with four supersymmetries and SU(4) invariant spinors and in section nine, we give our conclusions. In appendix A, we summarize the properties of Spin(10, 1) spinors. In appendix B, we give the conditions on the geometry and the expressions for the fluxes of backgrounds which admit one SU(5) invariant Killing spinor. These results can be found in [10] but are summarized here for convenience. In appendix C, we give the tables with the expressions for Dσ I expanded in the basis (A.8). In appendix D, we give the tables with the expressions for Iσ I expanded in the basis (A.8).
In appendix E, we solve the Killing spinor equations for backgrounds which admit two Killing spinors which are invariant under the SU(4) subgroup of Spin(10, 1).
2 Killing spinor equations and integrability conditions
Killing spinor equations
The Killing spinor equations of eleven-dimensional supergravity [15] are the vanishing of the gravitino supersymmetry transformation restricted on the bosonic fields of the theory. The bosonic fields are the metric g and a four-form field strength F . The Killing spinors of eleven-dimensional supergravity are in the Majorana representation ∆ 32 of Spin(10, 1). The supercovariant connection of eleven-dimensional supergravity is
where
i.e. ∇ A is the spin covariant derivative induced from the Levi-Civita connection,
and F is the four-form field strength (or flux), A, B, . . . = 0, . . . , 9, 10 are frame indices. The supercovariant connection is a covariant derivative on the spinor bundle of elevendimensional spacetime associated with the Majorana representation of Spin(10, 1). However, D is not induced from the tangent bundle because of the term (2.3) which depends on the flux F .
As has been explained in [10] , the supercovariant connection has gauge symmetry Spin(10, 1) and this can be used to bring the Killing spinors into a canonical or normal form up to an induced Lorentz transformation on the spacetime frame and fluxes F . In this way, one can simplify the conditions imposed by supersymmetry of the fluxes and geometry of a background by choosing the Killing spinors to lie at a particular directions. This simplification is possible for backgrounds with one and two supersymmetries. It turns out that the stability subgroup of two generic spinors in Spin(10, 1) is the identity. Therefore, one does not expect that there will be a simplification in the form of a third spinor in a generic background with three supersymmetries. This is unless the conditions on the geometry and on the fluxes imposed by the first two spinors necessitate the vanishing of many components of Ω and F and so the equations for the third Killing spinor are not involved. In any case there are several special backgrounds with more than two supersymmetries that admit spinors which have a non-trivial stability subgroup in Spin(10, 1).
Since in the basis of gamma matrices we have adopted, the frame time direction is distinguished from the rest, it is convenient to decompose the frame indices as A = (0, i), where i = 1, . . . , 10. Then we introduce an orthonormal frame {e A : A = 0, . . . , 10} and write the spacetime metric as
In this frame, the four-form field strength F can be expanded in electric and magnetic parts as
The spin (Levi-Civita) connection has non-vanishing components
The Killing spinor equations decomposes as
This is the form of the Killing spinor equations that we shall use later to derive our results.
Integrability conditions and field equations
The integrability conditions of the Killing spinor equations Dǫ = 0 are
where R is the supercovariant curvature which has been computed in [16, 6] . It has been observed in [8] that, using the Bianchi identity of the Riemann curvature of spacetime, Γ B R AB ǫ = 0 can be written as
The above integrability conditions can be written in terms of the frame (e 0 , e i ). This computation is similar to the one for the Killing spinor equations and we shall not repeat it here. It is clear that some of the components of the field equations (and Bianchi identity) are satisfied as integrability conditions of the Killing spinor equations 5 . Sometimes it is customary to impose enough conditions on the field equations and on Bianchi identity F such that all Einstein equations are satisfied. This is because the field equations and Bianchi identity of F are easier to solve.
The six types of spinors
A direct consequence of the construction of the Spin(10, 1) Majorana spinor representation in appendix A is that any Majorana Killing spinor can be written in terms of forms as
where f, g, u i , v i , w ij and z ij are real spacetime functions. The six types of spinors e i 1 ···i I with i = 0, . . . , 5 correspond to the irreducible representation of U(5) on Λ * (C 5 ) and are denoted by σ I .
The Killing spinor equations for ǫ are
Ω ρ,σ 1σ2 + (−1) For this, we expand the products of Γρ matrices, which are creation operators on e i 1 ···i I , into a sum of products of Γ a and Γp matrices, which are annihilation and creation 6 The i 1 , . . . , i I should not be thought of as indices in this context, but rather as fixed labels for a particular spinor. 7 Note that in this basis e i1···iI is the Clifford algebra vacuum.
operators, respectively, on 1. Then we act on e i 1 ···i I with the annihilation operators. In particular, we have 9) where the notation, i.e. the division of α andᾱ into σ andσ, is based on e i 1 ···i I and not on e i I+1 ···i 5 (as it will be in the remainder of this section). Converting both expressions to the canonical basis using (4.8), one finds that the previous relation translates into
After the addition of the complex conjugated and dualised version of this expression to its original, one finds that the components of the combination e i 1 ···i I + (−1) [I/2] e i I+1 ···i 5 are related to each other:
A similar expression holds for the components of iD A e i 1 ···i 5 . This relates the Killing spinor equations of any real Majorana spinor (3.1). For this reason one only has to consider half of all equations; in appendix C we give all A =ᾱ equations plus the A = 0 equations coming with less than three Γᾱ-matrices.
The linear system of integrability conditions
As we have explained the integrability condition (2.9) on any Killing spinor, Iǫ, can be expressed in terms of Iσ I . In turn Iσ I can be expanded in the basis (4.3). For this, one inserts e i 1 ···i I in (2.9), expands the resulting equation in (4.3) and sets A = 0 to find that Similarly for A = ρ, one finds
Finally for A =ρ, we find
Observe that the Γσ 1 ···σ 5 e i 1 ···i I component of the last integrability condition vanishes. It is straightforward to convert the above expressions to the canonical basis (4.7). This is completely similar to that for the Killing spinor equations in (4.8) and we shall not repeat the expression here. In addition, a relation similar to (4.11) holds for the integrability conditions. In appendix D we give the explicit expressions for Iσ I in the canonical basis.
Linear systems in a null basis
The construction of the linear systems in the previous section applies to all Killing spinors, i.e. to spinors that represent the orbit of Spin(10, 1) with stability subgroup SU(5) and the spinors that represent the orbit of Spin(10, 1) with stability subgroup (Spin(7) ⋉ R 8 ) × R. However, if it is known that one of the Killing spinors represents the orbit with stability subgroup (Spin(7) ⋉ R 8 ) × R, it may be more convenient to use the null basis of appendix A to construct the linear systems for the Killing spinor equations and the associated integrability conditions. This is because the gauge symmetry of the supercovariant connection can be used to put that spinor along the direction 1 + e 1234 , see appendix A.
The timelike and null bases in the space of spinors are oscillator bases. Because of this, the linear system of the Killing spinor equations and of the integrability conditions which we have derived for the timelike basis in the previous section are easily adapted to the null basis. We shall demonstrate this for the linear system of the Killing spinor equations. Since in the null basis the tenth direction, which we denote by ♮, is separated from the rest, see appendix A, we decompose the four-form field strength F as
where i = 0, 1, 2, . . . , 9. We have denoted the tenth component and the remaining components of F as the electric and magnetic components, respectively, that appear in the decomposition of F in the timelike basis. The reason for this will become apparent.
Observe that these formulae can be derived from those of the timelike basis in (2.7) after the replacement 0 → ♮. It is clear from this that the linear system for the null basis associated with the Killing spinor equations can be derived from that of the timelike basis, we have derived, after taking into account the different way that Γ 0 and Γ ♮ act on the basis spinors. Every spinor in the null basis can be written as a linear combination of six types of spinors. These spinors are constructed by the creation operators of the null basis acting on the Clifford vacuum 1, see appendix A. In particular, we have that Γ ♮ = −Γ 0 Γ 1 · · · Γ 9 acts on our null basis of spinors as
This means that the difference between the timelike and the null case consists of replacing Γ 0 by Γ ♮ in most cases. This amounts to the replacement i → +1. The only exception is the F -term in the D ♮ component of the supercovariant derivative, where Γ 0 is replaced by Γ ♮ and so there is an additional minus sign.
As in the timelike case, it will be convenient to distinguish between the indices that do appear in the basis element e i 1 ···i I and those that do not. In particular, we split the indices α into the indices a = (i 1 , . . . , i I ) and the remaining 5 − I indices p, and similarly for the indicesᾱ. Subsequently we define the new indices ρ, σ, τ consisting of the combination
where Γ ρ and Γρ are the annihilation and creation operators, respectively, for the spinor e i 1 ···i I . Next consider the basis in the space of spinors associated with the Clifford vacuum e i 1 ···i I , i.e.
{e i 1 ···i I , Γσ
In this basis the supercovariant derivative with A = ♮ can be expanded as
Gσ 1σ2σ3 ]Γσ
I 1 288
Similarly, the expression for A = ρ read
Ω ρ,σ 1σ2 + (−1)
Finally, for A =ρ we find
Ωρ ,σ σ + (−1)
Ωρ ,σ 1σ2 + (−1)
Gρσ 1σ2 ]Γσ
Fρσ 1σ2σ3 ]Γσ
To go from the basis (5.6) to the "canonical" basis which is associated with the Clifford vacuum 1, one can use the same expressions as for the timelike case. So we shall not repeat the formulae here.
The complex conjugation between the components of the supercovariant derivative found in the timelike case does not extend to the null basis in a straightforward way because Γ + and Γ − are null instead of holomorphic. For this reason, it will be convenient to treat the null indices separately. In what follows all indices only take values in 1, . . . , 4. Instead of (4.9), the following relations hold
8 Note that ρ andρ are no longer complex conjugate due to the presence of the (+, −) null indices.
Using the relation to the "canonical" basis associated with the Clifford vacuum 1, these imply that
Adding the complex conjugated and dualised version of this expression to its original, one finds the following expression relating different components of the combination e i 1 ···i
The same expression holds with an extra + index on the end of the list of components on both sides. In addition, the same relation holds for the following combinations The linear systems associated with the integrability conditions in the null and in the timelike basis are related in a similar way to those of for the Killing spinor equations. One again replaces in the linear system for the integrability conditions 0 with ♮ and i with +1. An additional sign appears in the I 0 component of the integrability conditions because one replaces Γ 0 with Γ ♮ as in the Killing spinor equations case. Because of the simplicity of the rules to derive the linear systems associated with the null basis from those of the timelike one, we shall not give further details for the former.
N=2 backgrounds with SU (4) invariant Killing spinors 6.1 The Killing spinor equations
The most general SU(4) invariant Killing spinors of a N = 2 background are
where f , g 1 , g 2 , g 3 are real functions of the spacetime which will be determined by the Killing spinor equations. We shall assume that g 3 = 0 because otherwise the spinors are SU(5) invariant and this case has already been investigated in [10] . The Killing spinor equations of η 1 are as in the N = 1 case. So it remains to solve the Killing spinor equations for the second spinor. Using the Killing spinor equations of η 1 , the Killing spinor equations D A η 2 = 0 can be written as , we find that the Killing spinor equations for the second spinor can be rewritten as
To proceed one can use the results in the appendix C to substitute for D A (e 5 + e 1234 ) and iD A (1 − e 12345 ). The resulting expressions have been given in appendix E. It turns out that in solving the resulting linear systems one has to distinguish between g 2 = 0 and g 2 = 0. We will first consider the simplest case with g 2 = 0. This splits up in two subcases, depending on whether g 1 vanishes or not. If g 1 = 0, the results have been given in [10] . Here we shall summarize the g 1 = 0 case. The conditions on the function g 3 and
and
We are left with the two equations (E.27) and (E.28), the first one of which gives the time-dependence of the function g 1 :
The conditions on the Ω 0,0i components are
The conditions on the Ω 0,ij components are
and the traceless part of Ω 0,λσ is not determined. The conditions on the Ωλ ,ij components are
In addition, we have
The conditions on the Ω5 ,ij components are
We also have the following relations
gλ σ (Ω 0,05 + Ω 0,05 ) . (6.14)
All fluxes are expressed in terms of the geometry via the relations summarized in appendix B. In addition, we find that
This concludes the analysis of the N = 2 SU(4) case with g 2 = 0.
The Killing spinor equations for the case with g 2 = 0 are rather different from those with g 2 = 0. The solution of this linear system is described in section E.2. Here, we summarize the conditions on functions that determine the spinors, the geometry and the fluxes.
The conditions on the functions f, g 1 , g 2 and g 3 are
The conditions on the geometry are
The conditions on the fluxes that arise from the requirement of N = 1 supersymmetry have been summarized in appendix B. The additional conditions that arise for two supersymmetries are
The geometry of spacetime
Using the results of [10] , it is straightforward to compute the spacetime form bilinears associated with the Killing spinors (6.1) for both g 2 = 0 and g 2 = 0. These are a zero form
three one-forms 20) three two forms,
one three form
one four-form
and three five-forms 
All the above forms specify the geometry of spacetime. Instead of investigating the properties of all spacetime form bilinears, we shall mostly focus on the properties of the three one-form bilinears. It is convenient to rescale them with a factor of 1/2 and rewrite them in the Hermitian frame basis as
The associated vector fields X, Y and Z, respectively, are Killing. This can be easily verified using the conditions summarized in (6.16) and (6.17) . In addition it turns out that X, Y and Z mutually commute, i.e. [X, Y ] = 0 and similarly for the rest of the pairs. In addition, we have that
(6.27)
The vector field X is timelike while as one expects Z is timelike or null. The Killing vector fields do not commute. So in general one cannot adapt coordinates to all three Killing vectors. The form of the metric can be written by adapting coordinates to one of the Killing vector fields say X.
7 Solutions to the integrability conditions 7.1 N = 1 backgrounds with SU (5) invariant spinors
The Killing spinor is η = f (1 + e 12345 ). The integrability condition on this spinor implies the vanishing of the combination
for i = 0, . . . , 5. These integrability conditions guarantee the vanishing of the Bianchi components B 0ᾱβγδ and B 0αβγδ . The remaining field equations are subject to the relations
3) Therefore, in the N = 1 SU(5) case, one still needs to impose the above components of the Bianchi identity plus the electric part of the gauge field equation 9 to satisfy all field equations.
N = 2 backgrounds with SU (5) invariant spinors
The Killing spinors are
with f 1 and f 3 non-vanishing. Independent of the functions f 1 , f 2 , f 3 , the integrability conditions arising from these spinors are
for i = 0, . . . , 5. From these conditions one can derive that the field equations do not automatically vanish are 10) where the tilde means traceless part, subject to the relations 0 = E 00 − 12iL 0α α , (7.11)
One can solve these equations by explicitly checking 15) after which all other field equations are implied.
N = 4 backgrounds with SU (4) invariant spinors
17)
18) 19) with f 1 , f 3 , f 6 and f 10 non-vanishing. In this case, independent of the ten space-time functions, the integrability conditions (2.9) of the four Killing spinors correspond to the conditions
for i = 0, . . . , 4. These imply all but the following field equations:
(where the tilde means traceless part) subject to the relations 0 = E 00 − 12iL 055 , (7.23) 
Resolved membranes
In this section we will consider the class of solutions which admit Killing spinors as in (7.19) with the restrictions
as analyzed in [10] . We shall show here that the most general solution is a resolved rotating membrane wrapped on a two-torus T 2 . We will start by summarizing the conditions for SU(4) backgrounds to admit the four Killing spinors. Firstly, this background has three commuting Killing vectors, one of which is timelike and the other two are spacelike. Because of this, we introduce three coordinates x i , i = 0, 1, 2, adapted to these three Killing vector fields which are thought of as the worldvolume coordinates of a membrane. We define the frames
where the α i are independent of the world-volume coordinates and only take values in the 8D transverse space. Since the Killing vector fields are orthogonal and of the same length, the metric in this frame reads
where g ij = diag(−1, 1, 1), g λμ = δ λμ and e λ , λ = 1, . . . , 8, is a Hermitian frame for the metric on the space of orbits B of the three isometries. The eight-dimensional space B is complex and is identified with the transverse space of the membrane. The Killing spinor equations imply [10] that the four-form field strength can be written as
is a traceless (2,2) form on B and so self-dual. In addition, the components Ω i,AB of the spin connection satisfy the conditions
)
while the Ω λ,AB components read
where dα
λ . We now turn to the field equations. As explained in section (7.3), the integrability conditions for the N = 4 SU(4)-invariant Killing spinors imply that one only needs to impose the vanishing of a number of components of the Bianchi equation and one component of the F field equation. Specifically, one has to impose the vanishing of
where the˜denotes traceless part of the associated quantity. Let us first consider the Bianchi identity. The components with a world-volume index imply independence of F (2,2) of the world-volume Killing directions: 
where the D I is the Levi-Civita connection of ds 2 = 2γ λμ e λ eμ of the transverse space B and the inner product of a k-form φ is φ · φ = and identifying H = f −6 . The metric and flux then become
The components of the spin connection of the rescaled metric dŝ 2 = g λμê λêμ and frame satisfŷ 
whereD I is the Levi-Civita connection of dŝ 2 and inner products have been taken with respect to dŝ 2 . The equation (8.17) for α i = 0 has been explored before in the context of resolved membranes, see e.g. [21, 22, 23, 24] . A case α 0 = 0 has been considered in [8] , corresponding to a rotating resolved M2-brane but dα was taken to be (2,0) and (0,2) instead of (1,1) and traceless that we have here. The case α i = 0, i = 0, 1, 2 has been considered in [25] and solutions were found with specific transverse spaces. The interpretation of these solutions are resolved rotating membranes wrapped on a two-torus T 2 which fibres over the transverse space B. Here we have shown that this is the most general supersymmetric configuration with four supersymmetries for the SU(4)-invariant Killing spinors (7.19) subject to (8.1).
It is worth pointing out that in the right-hand-side of (8.17) the contribution of the rotation has a different sign from those of the wrapping of the membrane on T 2 . We can use this to give necessary and sufficient conditions for the existence of non-singular solutions on any compact, connected without boundary, Calabi-Yau manifold B. First observe that α i can be thought of as the connection of a line bundle L (i) over the CalabiYau manifold B. Since the curvature β i = dα i is (1,1), this line bundle is holomorphic. In addition a necessary and sufficient condition for L (i) to admit a connection α i such that the curvature β i is traceless, i.e. to satisfy the Donaldson condition, is
whereω is the Kähler form of the Calabi-Yau metric dŝ 2 , see e.g. [20] . Next turn to (8.17) . Since the left-hand-side of (8.17) is a Laplacian on H, one can use Hodge theory to invert the Laplace operator and solve for H. A necessary and sufficient condition for the existence of a (well-defined) solution on B is that the right-hand-side expression in (8.17 ) is orthogonal to the harmonic zero-forms. This translates to the condition 19) where dvol is the volume form of the Calabi-Yau metric dŝ 2 . This relation can be rewritten using the traceless condition of β i and the self-duality condition ofF (2, 2) as
Observe that the above relation depends on the cohomology class ofω, β i andF (2, 2) and it may be interpreted as a cancelation of membrane, rotation and wrapping fluxes when integrated over the compact Calabi-Yau manifold B. The above condition is the sum of squares and therefore if there is no rotation, i.e. α 0 = 0, then β i = 0, i = 1, 2 and F (2,2) = 0 and so there is only a trivial solution, i.e. H = const. However if α 0 = 0, then there are solutions of (8.20) for non-trivial β i andF (2, 2) provided that (8.18) and (8.20) are satisfied. Furthermore observe that H is determined up to a constant in (8.17), and it is bounded because B is compact. Therefore, it is always possible to choose H to be positive, H > 0. In such cases, one can find a non-singular solution of eleven-dimensional supergravity preserving four supersymmetries with metric and flux given in (8.15 ). In the context of M-theory, there are corrections to the flux field equation. In particular, one has [26, 27] 22) and this new condition is required for the existence of non-singular solutions. To summarize, the conditions (8.18) and (8.20) are necessary and sufficient for the existence of a resolved (non-singular), rotating and wrapped membrane solution of eleven-dimensional supergravity with transverse space a compact, connected without boundary Calabi-Yau manifold. Incidentally, these type of solutions resemble those found in the context of flux tubes in [28] and it may be worth exploring this further.
Concluding remarks
The Killing spinor equations of any background of eleven-dimensional supergravity theory have been reduced to the evaluation of the supercovariant derivative Dσ I on six types of spinors σ I . The expressions for all Dσ I have been given in both a timelike and a null spinor basis. In addition the integrability conditions of the Killing spinor equations which encode the field equations of the theory have been investigated. It is shown that these integrability conditions can be expressed as a linear combination of the six types of spinors Iσ I . We give the expressions of all Iσ I again in both a timelike and a null spinor basis. As a result, one can determine the field equations of the theory which arise as integrability conditions of the Killing spinor equations. In this way, one can specify the minimal set of additional field equations required for a supersymmetric configuration to be a solution of the supergravity field equations. We have also presented some examples to illustrate our construction. In particular, we have given a class of resolved, rotating, wrapped membranes with transverse space a Calabi-Yau manifold preserving four supersymmetries. We have also shown that these are the most general supersymmetric solutions for a class of SU (4) invariant Killing spinors. This paper has given the systematics of how to classify all supersymmetric solutions in eleven dimensions. The above construction can be used to reduce the Killing spinor equations to a linear system for the fluxes, geometry and spacetimes derivatives of the functions that determine the Killing spinors. This system is of increasing complexity with the number of Killing spinors that a background admits. Nevertheless, we have determined all the coefficients and unknowns of this linear system for all supersymmetric backgrounds. A similar conclusion applies for the linear system that arises in the integrability conditions which determines the minimal set of field equations which should be satisfied. Therefore, the classification of supersymmetric backgrounds is associated with two linear systems, one is related to the Killing spinor equations and the other to the field equations.
The two linear systems systems can always be solved. A question arises whether they are tractable for all supersymmetric backgrounds. In the general situation, they will be rather involved. However, some simplifications may occur. The Killing spinors can be simplified by using the gauge symmetry Spin(10, 1) of the supercovariant connection to put them at particular directions in space of spinors, i.e. to put them in a canonical or normal form. This typically reduces the number of functions that the spinors depend on. Further simplifications occur whenever the spinors have some residual symmetry, i.e. some non-trivial stability subgroup in Spin (10, 1) . This happens in many supersymmetric backgrounds of interest and in particular in those that appear in compactifications with fluxes. A detailed discussion of this has appeared in [10] . However, it is known that there are backgrounds for which the Killing spinors have the identity in Spin(10, 1) as stability subgroup. This phenomenon occurs even for backgrounds with two supersymmetries. For such backgrounds there is no apparent simplification. Nevertheless, it may be possible in practice to solve these linear systems in general in many cases. For example, since the systems are linear this can be done with the help of computers.
A Spinors from forms A.1 A timelike basis
The realization of Majorana spinors of Spin(10, 1) in terms of forms has been described in [10] , see also [29, 30, 31] . Here we shall summarize some of the features of the construction. For a detailed account of the construction see [10] .
Let e 1 , . . . , e 10 be an orthonormal basis in V = R 10 . Next consider the subspace U = R 5 in V generated by e 1 , . . . , e 5 . The Euclidean inner product on V can be extended to a Hermitian inner product in V C = V ⊗ C and then restricted in U C = U ⊗ C denoted by <, >, i.e. on U C is
where (z * ) i is the standard complex conjugate of z i . The space of Spin(10) Dirac spinors is ∆ c = Λ * (U C ). The above inner product can be easily extended to ∆ c and it is called the Dirac inner product on the space of Spin (10) spinors. The gamma matrices act on ∆ c as
where e i is the adjoint of e i ∧ with respect to <, >. Moreover we have that the Weyl representations of Spin (10) (10) is the same as that of Spin(10, 1). The Dirac inner product on Spin(10, 1) representation, ∆ c , is
and the P in(10) Majorana inner product (A.3) extends to the Majorana inner product of Spin(10, 1). It remains to impose the Majorana condition on the Spin(10, 1) representation, ∆ c . This is
11 From here on, we shall adopt the notation to denote the tenth direction with ♮ = 10.
The Spin(10, 1) Majorana spinors ∆ 32 = {η ∈ ∆ c s.t. η * = Γ 0 B(η). For completeness, the spacetime form bilinears associated with the Majorana spinors η, θ are
Another ingredient in solving the Killing spinor equations and their integrability conditions is the construction of a basis in the space of Spin(10, 1) Dirac spinors ∆ c . It turns out that
where · denotes Clifford multiplication. Therefore
is a basis in the space of spinors ∆ c , where 
A.2 A null basis
An alternative way to construct the Majorana representation of Spin(10, 1) is to begin from the Spin(9, 1) spinor representations. The realization of the spinor representations of Spin(9, 1) in terms of forms has been presented in [11] . We shall repeat this construction and then we shall explain the application to Spin(10, 1). Let U = R < e 1 , . . . , e 5 > be a vector space spanned by e 1 , . . . , e 5 orthonormal vectors. The space of Dirac Spin(9, 1) spinors is ∆ c = Λ * (U ⊗ C). The gamma matrices are represented on ∆ c as
where is the adjoint of ∧ with respect to the (auxiliary) inner product
on U ⊗ C and then extended to ∆ c . (z a ) * is the standard complex conjugate of z a . The gamma matrices have been chosen such that {Γ i ; i = 1, . . . , 9} are Hermitian and Γ 0 is anti-Hermitian with respect to the (auxiliary) inner product <, >.
The above gamma matrices satisfy the Clifford algebra relations Γ A Γ B +Γ B Γ A = 2η AB with respect to the Lorentzian inner product as expected. The Dirac inner product on the space of spinors ∆ c is D(η, θ) =< Γ 0 η, θ > and the P in(9, 1) invariant (Majorana) inner product is
where B = Γ 06789 . Observe that B(η, θ) = −B(θ, η). The Dirac representation of Spin(10, 1) is identified with the Dirac representation of Spin(9, 1). The tenth gamma matrix is chosen as
(A.14)
One can verify that Γ 2 ♮ = 1 and that anticommutes with the rest of gamma matrices. The Dirac inner product is D(η, θ) =< Γ 0 η, θ >, i.e. the same as that of the Spin(9, 1). In addition, since B is a P in(9, 1) invariant inner product, it extends to a Spin(10, 1) invariant Majorana inner product. It remains to construct the Majorana representation of Spin(10, 1). For this, we impose the condition that the Dirac conjugate is equal to the Majorana conjugate. It turns out that it is convenient to chose as a reality condition
The map C = Γ 6789 is also called charge conjugation matrix. In this basis the (Spin(7) ⋉ R 8 ) × R-invariant Majorana spinor is 1 + e 1234 . The simplicity of this representative of the Spin(10, 1) orbit with stability subgroup (Spin(7) ⋉ R 8 ) × R suggests that if one of the Killing spinors is null, then it may be simpler to use this basis to solve the Killing spinor equations.
To solve the Killing spinor equations of eleven-dimensional supergravity, it is convenient to use an oscillator basis in the space of spinors ∆ c . For this write
Observe that the Clifford algebra relations in the above basis are Γ A Γ B + Γ B Γ A = 2g AB , where the non-vanishing components of the metric are g αβ = δ αβ , g +− = 1. In addition, we define Γ B = g BA Γ A . The 1 spinor is a Clifford vacuum, Γᾱ1 = Γ + 1 = 0 and the representation ∆ c can be constructed by acting on 1 with the creation operators Γᾱ, Γ + or equivalently any spinor can be written as
i.e. Γā 1 ...ā k 1, for k = 0, . . . , 5, is a basis in the space of (Dirac) spinors. Observe that both the timelike basis and the null basis of ∆ c are oscillator bases. Because of this, it is straightforward to adapt the results we have obtained in this paper for the timelike basis for the Killing spinor equations and for their integrability conditions to the null basis.
B N=1 backgrounds
In this appendix we summarize the solution of the Killing spinor equations for backgrounds that admit one Killing spinor with stability subgroup SU(5), i.e. the spacetime one-form bilinear is timelike. This case has been analyzed in [8] . The results, in the form we summarize them below, have appeared in [10] .
The electric part of the flux is expressed in terms of the geometry as
and the magnetic part of the flux is
3)
The traceless (2,2) part of F is not determined by the Killing spinor equations. The conditions on the geometry imply that the one-form κ f = −f 2 κ = f 2 e 0 is a timelike Killing vector field and the space of orbits of this vector field has an SU(5) structure with W 5 + 2df = 0, where
is a Gray-Hervella type of class [32] . We use the above results to investigate backgrounds with two supersymmetries.
C Killing spinor equations in canonical basis
To derive the linear system associated with the Killing spinor equations for the geometry, fluxes and spacetime derivatives of f, g, u, v, w, z one has to expand D A σ I in the Hermitian basis (A.8) and use (3.2) . This computation can be simplified in various ways. First, it is not necessary to compute both D α σ I and Dᾱσ I because since the spinors ǫ are real the equations derived from D α ǫ are complex conjugate to those of Dᾱǫ and so are not independent 12 . In addition, since D 0 ǫ is real only half of the relations are independent. These are chosen to be along the basis elements 1, Γᾱ1 and Γᾱβ1. The remaining are related to these by complex conjugation followed by dualization with the (5,0) form ǫ. So again, we shall give only the independent conditions. We remark that one can use these relations between the equations of the linear system to provide a useful check of the result.
It is intended that the results of this appendix to be used as a manual to derive the linear system associated with the Killing spinor equations of any number of spinors. Because of this, we first state the action of the supercovariant derivative D A σ I on the appropriate irreducible spinor σ I as a title of its subsection. Then we expand D A σ I in the canonical basis. On the left column, we state the basis element of the oscillator basis (A.8), and in the right column we give the associated component.
C.1 D A 1
Evaluating D 0 1 and expanding the result in the basis (A.8), we find
Gβ γ γ Γβ 1β2 1 :
Similarly, computing Dᾱ1 and expanding the result in the basis (A.8), we get 
As we have explained the expressions for the remaining basis elements in (C.1) and for D α 1 can be recovered from the above using complex conjugation.
The time component of the Killing spinor equations yields
Similarly the Dᾱe 12345 yields
Dᾱe 12345 1 :
Ωᾱ ,γ 1 γ 2ǫ
Gᾱ γ 1 γ 2ǫ
Ωᾱ ,0γǫ
Fᾱ γδ δǫγβ 1β2β3β4 Γβ 1β2β3β4β5 1 :
We split up α into 13 ρ and k, where ρ are the remaining four indices: ρ = (1, . . . ,k, . . . , 5). The time component of the Killing spinor equations yields
Fτ kλ λ ) Γk1 :
Gτ λ λ − 
Fρτ kk 13 Note that k is not an index here but rather a fixed label for a particular spinor e k . The same holds for the labels of all other spinors e i1···iI in these tables. 
We split the indices α into ρ and k, where ρ = (i 1 , . . . , i 4 ) and k is the missing fifth coordinate. In addition we will use the Levi-Civita symbolǫρ 1 ···ρ 4 which is defined bỹ ǫī 1 ···ī 4 = √ 2. The time component of the Killing spinor equations yields
Γk1 : 0 Γτ 1τ2 1 :
Γτk1 :
i 36
The different spatial directions, i.e.ρ andk, yield
Γτ 1 : −(
Ωρ ,λ 1 λ 2 + i 8
Γτk1 : 
Ωk ,0kǫτ1τ2τ3τ4 .
(C.10)
We split the indices α into p = (i, j) and a, which contains the remaining three indices.
We also define ǫīj = 1. 
gā c G dp p )ǫ Fpq e e )ǫbcd Γbcqr1 : 0 Γbcdqr1 :
Ωp ,qrǫābc (C. 16) respectively.
D Integrability conditions in canonical basis
Inserting 1 in (2.9) and expanding in the different Γ-structures, one finds that the integrability conditions with A = 0 give rise to
For A =ᾱ we find 
Next we consider the contributions from √ 2e k . We split up α into 14 ρ and k, where ρ are the remaining four indices: ρ = (1, . . . ,k, . . . , 5). The A = 0 integrability conditions amount to
The A =λ integrability conditions on
Finally, the A =k integrability conditions give the following contributions:
Next we consider √ 2e i 1 ···i 4 . We split the indices α into ρ and k, where ρ = (i 1 , . . . , i 4 ) and k is the missing fifth coordinate. In addition we will use the Levi-Civita symbol ǫρ 1 ···ρ 4 which is defined byǫī 1 ···ī 4 = √ 2. The A = 0 integrability conditions are
The A =k integrability conditions on We now turn to the contributions from e ij . We split the indices α into p = (i, j) and a, which contains the remaining three indices. We also define ǫīj = 1. The A = 0 integrability conditions on e ij give rise to Eāb + 3iL 0āb + 60iB 0ābc c − 60iB 0ābr r )ǫpq Γbcpq1 :
Lābc + 30Bābc r r )ǫpq
Finally, the A =p integrability conditions are given by We split the indices α into a = (k, l, m) and p, containing the remaining two indices. The three-dimensional Levi-Civita symbolǫābc is defined byǫklm = √ 2. The A = 0 integrability conditions for e klm read Γā1 : −(−3L bcp + 60B bcd dp − 60B bcp)ǫā bc Γāb1 : 1 4 (E cp + 6iL 0cp − 120iB 0cd dp + 120iB 0cp)ǫāb Gρ λ λ −
6
Gρ 55 (E.6)
We have used the conditions on the geometry and fluxes arising from the Killing spinor equations of the first spinor to simply somewhat the above expression. Similarly the conditions arising from Killing spinor equations for η 2 involving derivatives along the spatial directions are 0 = g Fρ5 λ λ ) (E. 16) E.2 The solution to the Killing spinor equations with g 2 = 0
Here we shall investigate the case g 2 = 0. Taking the trace of (E.38), we get 
